We show that even in the case of a Banach lattice E with an order continuous norm (or whose dual has an order continuous norm) the linear span of the positive compact operators on E need not be complete under the regular norm.
Introduction
We use the standard notation and terminology for Banach spaces and Banach lattices (see for example [4] or [11] ). For Banach lattices E and F , the symbol L(E, F ) denotes the space of all (linear and continuous) operators from E to F equipped with the standard operator norm: T = sup{ T x : x ∈ E, x ≤ 1}. Recall that an operator T ∈ L(E, F ) is regular if T = T 1 − T 2 for some positive operators T 1 , T 2 . As usual, L r (E, F ) denotes the space of all regular operators from E into F . With respect to the uniform operator norm the space L r is not Banach in general, but there exists a natural norm on L r , the regular norm · r , which turns L r (E, F ) into a Banach lattice (see for example [11] , Proposition 1.3.6). Namely, T r = inf{ S : S ∈ L + (E, F ), S ≥ ±T }.
If F is Dedekind complete, then L r (E, F ) is also a Dedekind complete lattice and in this case, T r = |T | . We will use the notation K(E, F ) to denote the compact linear operators from E into F . It is unclear what is the "correct" analogue of K(E, F ) inside L r (E, F ). The only agreement in the literature seems to be that the intersection K(E, F )∩L r (E, F ) is not the right object to study. In work on the order essential spectrum, Arendt and Sourour [5] , [6] and [7] have made use of the closure in L r (E, F ) of the finite rank operators under the regular norm (see also Raubenheimer's work in [12] and [13] ). In studying the order structure of spaces of compact operators [1] , [2] and [3] , Abramovich and Wickstead proposed studying the linear span of the positive compact operators, which we denote by K r (E, F ). Whilst this space has the merit of being spanned by its positive cone (which is not the case for K(E, F ) ∩ L r (E, F ), see [1] ) it still need not be lattice ordered [3] , which is what results of Krengel [9] and [10] might have led one to conjecture. In this note we show that K r (E, F ) also fails, in general, to be closed in L r (E, F ) for the regular norm. Apart from other considerations, this makes it unlikely that it can be used to develop an alternative essential order spectral theory. In a concluding section, we show that K r (E, F ) need not have the Riesz Separation Property, answering a question posed in [2] .
Let us point out now that if the pair (E, F ) has the compact domination property (i.e. 0 ≤ S ≤ T ∈ K(E, F ) ⇒S ∈ K(E, F ), see [8] and [15] ) and L r (E, F ) is a lattice (or even if it has the Riesz separation property, see [14] ) then K r (E, F ) is closed in L r (E, F ) under the regular norm. In particular our counterexample cannot satisfy the Dodds-Fremlin conditions that both E * and F have order continuous norms. However we will be able to give counterexamples in which either E * or F has an order continuous norm. Let us note in passing that Example 3.7 in [5] shows that even when the Dodds-Fremlin conditions (and the approximation property) hold then K r (E, F ) is not equal to the regular-norm closure of the finite rank operators.
Norm incompleteness
The construction of our examples will be by means of a new norm that can be defined on K r (E, F ). Under this norm K r (E, F ) is norm complete. This norm dominates the regular norm and if K r (E, F ) were complete under the regular norm then the two norms would be equivalent. We complete the argument by showing that they need not be. 
It is clear that this does define a norm on K r (E, F ) and that T k ≥ T r for each T ∈ K r (E, F ). Proof. Let (T n ) be a · k -Cauchy sequence in K r (E, F ). By passing to a subsequence we may suppose that for each n ∈ N we have T n − T n+1 k < 2 −n . Standard arguments show that it suffices to prove that this subsequence converges. As U ≤ U k for all U ∈ K r (E, F ) the sequence (T n ) is certainly Cauchy in the operator norm so that T n → T ∈ K(E, F ). By definition of the k-norm, there are U n ∈ K + (E, F ) with ±(T n − T n+1 ) ≤ U n and U n < 2 −n for all n ∈ N. Let Q n = ∞ k=n U k so that Q n is compact and positive and Q n ≤ 2 −n+1 . Thus for each x ∈ E + we have
I.e. ±(T n −T ) ≤ Q n . One immediate consequence of this inequality is that T n −T ∈ K r (E, F ) and hence T ∈ K r (E, F ). Another is that T n − T k ≤ Q n < 2 −n+1 so that T is the required limit of the sequence (T n ) and hence K r (E, F ) is indeed complete under the k-norm.
Routine arguments will show that if E = F then K r (E) is a Banach algebra under the k-norm and that if K r (E, F ) is a lattice then it is a Banach lattice (even if it is not, as still seems possibly may happen, a sublattice of L r (E, F )).
The construction of our example will make use of ideas from [3] . We will also make use of the Rademacher functions r n which may be defined on [0, 1] by defining r n (t) to be the sign of sin(2 n πt). Before giving details of our construction, let us establish some properties of the Rademacher functions that do not seem readily accessible in the literature in quite the form that we want. Lemma 2.3. Let 0 ≤ p 1 < p 2 < · · · < p m be positive integers and let k ≥ 0 be an integer. If n and j are integers with n ≥ max{k, 1} and 0 ≤ j ≤ 2 k − 1 then
Proof. The proof will be by induction on m. In the case m = 1 we need only note that
Suppose the result is known for m = m 0 ; then we will establish it for m = m 0 + 1.
Note that r n+p1 is identically either 1 or −1 on each I p (apart from at endpoints), so that
Applying the inductive hypothesis to the sequence (p 2 − p 1 , p 3 −p 1 , . . . , p m0+1 − p 1 ) and with n replaced by n + p 1 we see that each
completing the inductive proof.
Lemma 2.4. Let 0 ≤ p 1 < p 2 < · · · < p m be positive integers. Then
Proof. Let h n = r n+p1 r n+p2 · · · r n+pm , so that it suffices to show that h n |χ (a,b) → 0 as n → ∞ whenever (a, b) ⊂ [0, 1], where ·|· denotes the usual inner product on
provided n ≥ k. We thus certainly have h n |χ (a,b) → 0 and therefore h n → 0 weakly.
Proposition 2.5. Fix a positive integer m and let g n = r + n r + n+1 · · · r + n+m−1 . Then g n → 2 −m weakly and g n 2 = 2 −m/2 for all n ∈ N.
Proof. Note that for each p ∈ N, r + p = (1 + r p )/2. Thus we may write
where H n is a sum of terms of the form r n+p1 · · · r n+pj each of which converges weakly to 0 by Lemma 2.4. Thus H n → 0 and hence g n → 2 −m as claimed. It follows from Lemma 2.3 that 1 0 H n (t) dt = 0 so, noting that g n = g 2 n , we have
We need now to introduce a notion of approximate inequality that seems to make the presentation of our proofs much easier. Lemma 2.6. If E is a Banach lattice and v, f ∈ E then the following are equivalent:
If, on the other hand, (ii) holds, simply taking w = (f ∨ v) we clearly have w ≥ v and w − f = (f − v) − so that the norm condition is clear.
We will denote the above relationship between v and f by f
The following proposition brings together the two essential elements of our main proof, namely sequences of positive parts of Rademacher functions and the rela-
Proposition 2.7. Let r n denote the n'th Rademacher function and fix m ∈ N. Let
Proof. The proof will be by induction on p. We first prove it for the case p = 1. Let w k denote an element of L 2 [0, 1] with w k ≥ g n k and f − w k 2 < . We denote the usual inner product on L 2 [0, 1] by ·|· . For each k ∈ N and 0 ≤ u ∈ L 2 [0, 1] with u 2 ≤ 1 we have 
Applying the case p = 1, which we have already proved, to the function
Using the properties of ≥ [[ ]] noted after Lemma 6 we thus have
completing the proof. Proof. Let S n denote an operator on 2 n 2 with S n = 2 n/2 and with all entries in the matrix representing |S n | (for the standard basis) equal to 1 and therefore |S n | = 2 n . These matrices were first introduced into the subject by Krengel and an account of them may be found in [4] on page 270. J n : 2 n 2 → L 2 [0, 1] will be defined by J n (x 1 , x 2 , . . . , x 2 n ) = 2 n k=1 x k χ [(k−1)2 −n ,k2 −n ] . As was pointed out in [3] , J n • S n = 1 whilst |J n • S n | = J n • |S n | = 2 n/2 . We also noted that J n • |S n |(x 1 , x 2 , . . . , x 2 n ) = Let g n = r + n r + n+1 · · · r + n+m−1 and define T m : E → F by
where we use x n to denote an element of 2 n 2 . As was pointed out in [2] , T m is a compact operator which has a modulus (in L r (E, F )) and
which is compact and with |T m | ≤ U for each m ∈ N. We thus certainly have T m ∈ K r (E, F ).
Note that g n 2 = 2 −m/2 , so that
for all (x n ) ∈ E, so that |T m | ≤ 2 −m/2 . The converse inequality is readily established, so that |T m | = 2 −m/2 . The operator U defined above shows that T m k ≤ 1. We show next that any compact operator V ≥ ±S (and hence with V ≥ |S|) must also have operator norm of at least 1 and hence T m k = 1.
For each n ∈ N let x n denote that element of 1 ( 2 n 2 ) with all entries zero apart from the n'th which is x n = 2 −n/2 2 n 1 . Each x n has norm 1 and its image under |T m | is g n . It follows that V (x n ) ≥ g n for each n ∈ N. As V is assumed to be compact, the set A = {V (x n ) : n ∈ N} is a totally bounded subset of L 2 [0, 1]. If η > 0 choose p ∈ N such that (1 − 2 −m ) p < η/2 and then choose > 0 such that
As there are finitely many choices of k n and infinitely many n, there is a choice of k 0 ∈ {1, 2, . . . , m} with v k0 ≥ [[ ]] g n k for infinitely many k ∈ N. It follows from Proposition 2.
Since v k0 ∈ A and is therefore the image under V of a member of the unit ball of 1 ( 2 n 2 ), the norm of V is at least 1 − η. This argument applies for all η > 0 so that V ≥ 1 and hence S k ≥ 1 as claimed.
is not complete under the regular norm. Proof. If it were, then Banach's isomorphism theorem would tell us that the regular norm is equivalent to the k-norm, which would contradict Theorem 2.8.
In this example, the range space has an order continuous norm. By taking adjoints we obtain an example where the domain has a dual with order continuous norm. The proof is virtually the same as that of Theorem 2.8 and Corollary 2.9, using Theorem 5.11 of [4] to see that with these spaces we always have |T | * = |T * | for any regular operator T . We omit the details.
2 )) is not complete under the regular norm. To conclude this section, let us pose the problem of whether or not it is possible for K r (E, F ) to be complete under the regular norm but with the regular norm not equal to the k-norm. I.e. can the two norms be equivalent without being equal?
Failure of the Riesz Separation Property
Recall that an ordered space has the Riesz Separation Property (we abbreviate this to RSP in future) if whenever
Lattices clearly have the RSP (take y = x 1 ∨ x 2 , for example) but there are nonlattices with the RSP. In [14] , one of us showed that it is possible for the space of all regular operators between two Banach lattices to have the Riesz Separation Property (RSP) without being a lattice and also that such a space of operators need not have the RSP. In [2] , the question was posed of whether or not the same possibilities could occur for K r (E, F ). The example in [14] cannot easily be modified to provide the desired compactness, but we can now show that the construction used in [3] may be modified to give an example of a space of compact operators without the RSP. This example also answers the corresponding question for weakly compact operators and for operators with the Dunford-Pettis property. The question of whether or not the linear span of the positive compact operators can have the RSP without being a lattice remains open.
As well as the operators J n : 2 n 2 → L 2 [0, 1] and S n : 2 n 2 → 2 n 2 introduced in the proof of Theorem 2.8, we will make use of the operator Q n : L 2 [0, 1] → H n = J n ( 2 n 2 ) which is defined by
where µ denotes Lebesgue measure on [0, 1]. This is a contractive projection. It was established in [3] that J n • S n • J −1 n • Q n = 2 n/2 whilst |J n • S n • J −1 n • Q n | = J n •|S n |•J −1 n •Q n = 2 n . Note also that 2 −n J n •|S n |•J −1 n •Q n f = Proof. Parts (i), (ii) and (iii) are immediate from their definitions. We prove (iv), the proof of (v) being almost identical.
If W ≥ ±T and f ∈ E + , let |g| ≤ f. Then we see that (W ± T )g + = W g + ± T g + ≥ 0, (W ± T )g − = W g − ± T g − ≥ 0 so that W |g| ≥ ±T g. It follows that W |g| ≥ |T g| so that (W f) 2n ≥ (W |g|) 2n ≥ |T g| 2n = |2 −2n J 2n S 2n J −1 2n Q 2n g|. Taking the supremum over all such g, we see that 1] which establishes (iv). Note that the last proof did not assume any property of W beyond linearity and also that the compact operators T, U and V are certainly weakly compact and have the Dunford-Pettis property, so this example also shows shows that the linear span of either the positive weakly compact operators or of the positive Dunford-Pettis operators need not have the RSP.
